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FOR RD

This Technical Note on Definitive Contract AF04(695)-113 has been

prepared in accordance with Exhibit "A" of that contract and Paragraph

4.2.2 of AFBM 58-1, "Contractor Reports Exhibit," dated 1 October 1959,

as revised and amended.

This Technical Note attempts to provide the reader with an under-

standing of the mechanism by which feedback discriminators operate and

to systematize the procedure for designing a feedback discriminator.

This document was prepared by Philco Western Development Laboratories

as a supplement to the basic "Multipurpose Receiver Study," TR1850, and

is fulfilling the requirements of Paragraph 1.2.1.2 of Exhibit 61-27A,

"Satellite Control Subsystem Work Statement", dated 15 February 1962,

as revised and amended.
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DIFIIITION Of TI DS

Symbol Terminoloity

A Naximm carrier amplitude volts II
A Naximum incremental noise amplitude volts

a Rquivalent IF pole red/sec

B Loop natural resonant frequency cps

BNI? IF noise bandwidth (low pass equivalent) cps

B Loop noise bandwidth cps

B31IY R noise bandwidth (low pass equivalent) cps

b Low pass filter pole rad/sec

CIF(t) Time varying IF signal volts ]

C(S) Loop S-plane output (at low pass filter output) volts/rad/

-sc

Cs(t) Time varying input signal volts

c(t) Output time response volts j

(s) Loop S-plane error cps/rad/

12 Maximum VCO amplitude volts

F Feedback gain factor unity

Fi(s) Equivalent S-domain loop input cpe/rd/

F(s) Arbitrary filter input volts/rad/
eec "i

fd Carrier frequency deviation cps

fin(t) Total loop time domain loop input (frequency) cps

fl(t) Equivalent time domain loop input cps

f Modulation frequency cps
m

f(t) Inverse Laplace transform of F(s) volts

-viii-
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DEFINITION OF T&M (cont'd)

Symbol Terminology Unit

G(S) Arbitrary filter transfer function unity

Ga(s) Equivalent IF low pass transfer function unity

GO) Low pass filter and gain constant transfer func-
tion unity

Gd(S) Desired transfer function volts/rad/
d< sac

Gf(f) Equivalent noise spectral density cps

GO(a) Weiner optilmU transfer function volts/rad/
sac

H(jw) N(s) with s - jw cps/rad/
sec

Hu  Naximum absolute value of VCO output transfer
function unity

H(s) S-plane VCO output cps/rad/
sac

Jn(A) Bess:l function of first kind n th order and argu-
ment unity

KA Amplifier gain constant unity

Kd Discriminator transfer constant volts/cps

K VCO transfer constant cps/voltv

1,2,etc. Arbitrary residues unity

N Ratio of equivalent IF pole to low pass pole unity

N Noise power spectral density normalized in terms
of frequency (two-sided) cps

N ' Noise power spectral density (two-sided) watts/cps0

N" Normalized noise power spectral density (two- 2
sided) rad cps

n(t) Time varying incremental noise volts

W X-
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DEFINITION OF TERMS (cont'd)

symbol Terminolozy Unit

PN Noise power watts

Ps Signal power watts
R(s) S-plane loop input cps/rad/

sac

r(t) Input time function cps "1

SNR Signal-to-noise ratio unity

t Time sec

W(s) Discriminator output in S-plane volts/rad/
sec

w(t) Time domain discriminator output volts

Modulation index unity

IF modulation index unity j
Input modulation index unity

e(t) Time domain loop error cps

Loop damping factor unity

ei0 .l  Loop input phase rad

02 .  Extraneous VCO phase red

92(t) Time weighting function unity

Threshold improvement factor db

ODT Discriminator threshold $R unity

p. Loop input SNR unity

PiD* Discriminator input SIR unity

PiT Loop input threshold SW unity

Poo Output Si unity
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DEFINITION OF TMS (cont'd)

Symbol Termino laz unit

A VCO signal phase estimate rad
0
0 nInput noise phase rad

0, Input information phase rad

W Carrier angular frequency rad/sec

W Discriminator input angular frequency rad/sec

W Angular modulation frequency rad/sec
m

wAngular noise frequency rad/sec
n

Wnl Loop noise bandwidth (angular frequency) rad/sec

W0IF center angular frequency rad/sec

W Angular frequency step input rad/sec

5rFuir rnfr

IveFourier transform

Invlaers or transform

IveLaplace transform
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SECTION 1

INT1RODUCTION

1.1 GENERAL

This report on feedback discriminators was undertaken in order

to present a systematic method of analyzing and designing feed back

V discriminators. The report is hopefully written in a manner whick

can be readily understood and applied to problems encountered in

. designing communication systems.

Historically speaking, feedback discriminators date back to

the early days of FM. For example, Chaffee and Carson, two of

the early pioneers in FM feedback, published papers dealing with

feedback discriminators in The Bell System Technical Journal as early

as 1939. But until recently, feedback discriminators have been little

more than laboratory curiosities. However, as of late feedback dis-

criminators have been successfully employed in projects Echo and Telstar.

While the feedback discriminator performs the same function as a

standard discriminator in that both devices demodulate frequency-

modulated signals, the feedback discriminator has a lower closed loop

threshold than the standard discriminator. This threshold lowering is

the most important advantage obtainable through using a feedback dis-

criminator.

A designer can use this threshold lowering to his advantage in

several ways. For example, he can reduce the amount of transmitted

power and thus realize a monetary saving. On the other hand, he can

transmit the same power, increasing transmission reliability. He can

also increase the modulation index while keeping the transmitted power

constant, and the resulting spreading of the RF spectrum Increases

detection security.

1-1
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SECTION 2

A QUALITATIVE DESCRIPTION OF FEEDBACK DISCRIMINATORS

2.1 GENERAL
Before proceeding with a detailed discussion of feedback discrim-

inators, it seems advisable to discuss qualitatively their operation.

In carrying on this discussion, a block diagram of a feedback dig-

criminator will be utilized, Figure 2-1. The feedback discriminator

employs a mixer, an IF amplifier with a bandpass filter, a frequency

detector (discriminator), a low pass filter, and a VCO (voltage-controlled

oscillator). An FM signal is applied to the mixer at the input terminal,

and the demodulated base band is obtained at either point W or point

C.

An input signal is multiplied by an output signal from the VCO

in the mixer, and the resultant signal, which is an FM signal, is applied

to the IF amplifier. The IF center frequency is equal to the difference

between the input carrier frequency and the VCO center frequency.

The purpose of the amplifier is to provide sufficient voltage to

the discriminator to enable it to operate in a linear manner. The

bandpass filter attenuates noise outside the bandwidth of the IF signal.

A standard discriminator is then used to demodulate the FM signal, and

the resulting demodulated baseband is passed through a low pass filter

to achieve further noise attenuation.

The output of the low pass filter is applied to the VCO. Since

voltage changes at the VCO input manifest themselves as frequency

changes at the VCO output, the VCO is essentially a frequency modulator.

The modulation index of the VCO output is a function of the loop gain,

while the baseband is an estimate of the input signal. Moreover, two

FM signals are then beaten together inte mixer, and since the phase

components subtract in the mixing process, the equivalent modulation

2-I
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IF Amplifier and Frequency Detector

INPUT W

Fig. 2-1. Block Diagram of a Feedback Discriminator

index of the signal at the output of the mixer has been reduced.

With this modulation index reduction, fever baseband sidebands are

needed to convey the information. Consequently, the IF bandpass filter

can be narrower than if no feedback were employed. This reduction in

noise bandwidth seen by the discriminator accounts for the threshold -
reduction achievable with a feedback discriminator. .
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In the analysis of feedback discriminators, much of the effort has

" been directed to development of the idealized situation in which the

loop has only two poles (one pole is contributed by the IF filter and

the other pole is produced by the low pass filter). Although a two-

pole loop constitutes an optimum design from the standpoint of time-

response and stability, a physically realizable design will have more

than two poles; however, careful attention to design details will

render the effects of the additional poles negligible.

2-3
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SECTION 3

LINEAR EQUIVALENT MODEL

Ii 3.1 GENERAL

The first step in analyzing feedback discriminators is the reduc-

jl tion of the loop parameters to their "linear equivalent" forms. This

"linearization" process can be circumvented in the analysis of feedback

discriminators (for example, the analytical development can be carried

out using differential equations), but "linearization" greatly simplifies
the work entailed in analyzing and designing feedback discriminators.

The "linearization" process is here defined as being the reduc-

tion of loop parameters to S-plane or Laplace polynomials when the

*input to the loop is considered as being frequency. A detailed

development of the "linearization" is contained in Appendix A.

The loop components prior to "linearization" are shown in

Figure 3-1. At the VCO output, E2 is the maximum VCO voltage amplitude;
2A

W2/2% is the VCO center frequency; 0 is the VCO estimate of the input sig-

nal phase;e 2 is a phase term enclopassing noise jitter as well as all
2 A

VCO phase components not contained in w 2t and 0. At the input to the

loop, Ac is the maximum voltage amplitude of the signat wc /2% is the

carrier frequency; 01 is the phase of the information; O n is the

noise phase contribution. The equivalent frequency input is found

through differentiating the input phase:

c L ndt (3-1)
Fin w 2D C + dt + dt

When sinusoidal modulation is used, the Laplace transform of equa-

tion (3-1) is

3-1
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1 (s) + fd1 An 2 (3-2)

where
f1 carrier frequency deviation
d

-m/2% - modulation frequency

A iMaximamincremental noise voltage amplitude

The mixer shown in figure 3-1 multiplies input voltage by VCO

output voltage. Therefore, input and VCO frequency components sub- ]
tract and add, but the resulting addition component is neglected

since a bandpass filter centered at w - follows the mixer.

The subtraction component is known as frequency error.

Before discussing "linearization" of the bandpass filter, the

discriminator will be considered. While a discriminator generally

has an "S"-curve response (i.e., output voltage amplitude vs. input

frequency), generally, the transfer characteristic is approximately

linear throughout an operating range about the center frequency.

W /2s, the IF center frequency, is selected as the discriminator center

frequency; and at w / 2 x, the distriminator output voltage is zero, but

the discriminator output voltage is K d volts when

t - o ]
i 2 - 1

Hence, the discriminator transfer function is Kd in the linear range.

As far as the band filter is concerned, it is converted to an

equivalent low pass function, defined as Ga(), through a transformation

which is detailed in Appendix A. In this transformation, the TP r

bandpass filter center frequency is converted from _ 1 -1
2x

3-2
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For example, if the IF bandwidth is 2a rad/sec and if the filter is

V a single-pole filter;

G a(a) - a (3-3)

Notice that the bandwidth is reduced a factor of two by the trans-

formation.

A low pass filter and a video amplifier follow the discriminator

in the loop. The function of Gb(s) is defined so that it encompasses

these two quantities. If the low pass filter is a simple 6 db/octave

roll-off filter and if the video amplifier has a voltage gain of

SKA, then

Gb(s) + (34)

A VCO changes its output frequency of oscillation as a function

of its input voltage. In the feedback discriminator circuit, it is

assumed that the oscillatory frequency is directly proportional to the

transfer function of the VCO which is KV .

Now that the loop components have been "linearized," a composite

model can be constructed, and this model is illustrated in Figure 3-2.

For this model, Ga(a ) and Gb(s) assume the values denoted by equations

(3-3) and (3-4), respectively. The model shown in Figure 3-2 will

be used as a basis for much of the analysis in following sections.

Two points worth stressing are: (1) All noise bandwidths are double-

sided since a two-sided noise spectrum is used. (2) The input to the

loop goes through a limiting process before reachins the loop. Limiting

eliminates amplitude variations.

3-3
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]

Bandpass Frequency Detector ii
Mixer IF (Discriminator)

I2 coS(W 2t + + 9

VCO Low Pass Filter

And Video Amplifier

Output

Fig. 3-1 Block Diagram of a Feedback Discriminator Shoving
the Input Voltage and the VCO Output Voltage

I
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SECTION 4

TRANSFER FUNCTIONS

4.1 GENERAL

In view of the analytical necessity of being able to express loop

response in terms of input stimuli, this section is devoted to presenting

loop transfer functions in terms of an equivalent frequency input.

Appendix B contains details associated with deriving these transfer

functions.

Referring to Figure 4-1, loop transfer functions for (s)' (l)R(s)' R(s)'
" C(s), HLs) have been found. R(s) denotes the Laplacian frequency

K(s) K(s)
input, E(s) is the mixer output or error, W(s) is the discriminator

output, C(s) is the low pass filter output, and H(s) is the VCO output.

Table 4-1 gives these transfer functions. Here the general case with

the equivalent IF low pass transfer function of Ga (s) and the low

pass filter and gain constant transfer function of Gb(s) is presented asa
wellas the two-pole case in which G 

(s) = - and G(s) - S b

a S +a b S +b

In Table 4-1, the following substitutions are used:

( 2 K K (4-1)
n "ab v d A)

Table 4-1 can be utilized to find the transfer function of any

loop position except the output of the IF filter. If in the loop

a ~ /ab~) KA bbeing analyzed; G (a) 0 W- and/or G b then the transfer

characteristics are determined by substituting the correct G a(s) and

Gb(S) factors into the second column of Table 4-1.

4-1
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.1

i1
() +(s)

C(s) I

Fig. 4-1 Block Diagram Illustrating Points in the .1
Loop for vhich Transfer Functions have been
Deemined i
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TABLE 4-1

LOOP TRANSFER FUNCTIONS

LOOP TRANSFER TRANSFER FUNCTION TRANSFER FUNCTION
QUANTITY FOR GENERAL CASE FOR TWO-POLE CASE

1 s2 + 2nS + ab
RS) 1 + G (S) 2 s o2

a Gb()KdV 8 2t~nS +

1.

W(S) Ga(S)Kd (S + b) d

.. Kt(S) + Ga(S)Gb(S)KdK 2 2onS + co2

C(S) Ga(S)Gb(S)Kd ab KdKA
R(S) + Ga)Gb)KdKv  S2 + 2tnS + n

H(S) Ga(S)Gb(S)KdKV co2 - ab
R(S) a+ b5 G 5 K v nR(S) I G(S)G (S)d v  S2  2t %S + Dn2

a b d v

4-3
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SECTION 5

LOOP TRANSIENT RESPONSE

V 5.1 GENERAL

Transient loop error for sine wave modulation and a frequency step

will be presented in this section (detailed derivation is contained

in Appendix C). Transient error produced by input frequency stimuli tS

- of interest for several reasons.

One reason the transient error merits consideration is that the

transient output of the loop can be readily determined from the transient

error. The equation expressing this relationship is:

where,

c(t) - output time response in volts

6(t) - error time response in cps

r(t) - input time function in cps

Another argument for considering transient error is the effect

transient error has on the ability of the loop to follow input frequency

swings. For example, if the error frequency is sufficiently offset from

the IF center frequency, then the loop gain will be less than one, and

the loop will not remain locked to the input.

Assuming a sinusoidal input whose voltage form is:

P (t) - A sin (w t + f coo (Dt) (5-2)
S c c ~d ao t 52

f
m

5-1
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where, "

fd carrier frequency deviation

The equivalent frequency input of equation (5-2) is then:

f (t) - f sin Ot (5-3)

With the equivalent frequency input given in equation (5-3), the

traisient error is:

I(t) - fd CO i 4w D b 'a~ )I sin()t + ]
- )t + mn4 m

I2 2 F/2C2

sin (a)n 1 t 2 t + * 2) in cps (5-4)

where, -

*1 = tan-1 -tan

2 ttn2

Another input stimulus that will be treated is a frequency step.

Such a phenomenon is characteristic of FSK transmission. However,

the steady state value of this transient error will be equal to the

steady state error produced by any carrier shift, regardless of

how the shift takes place. With a frequency step, the input signal

voltage is:

'1

5-2 1
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a (t)-A sin t + P 2 (t) Wt (-5)

where;

I2(t) 1 1 for t a 0

I2(t) - 0 for t < 0

In terms of an equivalent frequency input, equation (5-I)reduces to:

(Ofl ( t ) x for t ik 0.

The Laplacian input is:
0)

I US (5-6)

When the input stimuli has the form displayed in equation (5-6),

the transient error is as follows:

27t 1 F) [e- (Ont min((Wn I ct+D= 2F " r -91)n cps.

(5-7)

where;

= tan - -
t 2

Explicit transient error solutions have been given for a sinusoidal

input and for a step input, but if a solution for transient error

resulting from another form of input is desired, the Laplacian technique

illustrated in Appendix C can generally be applied to the problem.

5-3
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SICTION 6

SIGN&L-TO-VOISE PRF01DOax

6.1 GINIRAL

This section has as its primary objective the discussion of the

threshold improvement achievable through using a feedback discriminator.

[i However, a comparison will be made of the output signal-to-noise ratio

(above threshold) of a standard discriminator and a feedback discriminator.

Appendix 9 contains the detailed derivations converning the threshold

problem while Appendix G is devoted to the details concerning output

signal-to-noise ratios (SNR).

A feedback discriminator has essentially two thresholds. One is

the open loop threshold, which is the threshold of the standard

discriminator in the loop; the other is the closed loop threshold.

If the open loop threshold is reached prior to the closed loop thres-

hold, then the threshold of the loop is determined by the IF SNR.

However, if the closed loop threshold is reached first, then the thres-

hold of the loop is determined by the closed loop threshold alone.

6.2 FORMULAS

The threshold of standard discriminator is defined as the lowest

value of input SNR, with fixed IF noise bandwidth and modulation

frequency, for which the output SNR is given by the following formula:

2 NIP0 ao 2 RFt f (6-1)

where;

BI F  - IF noise bandwidth (low pass equivalent)

f a - Modulation frequency

PO - Output SNR

AF - Modulation index

6-4
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Table 9-1 of Appendix 3 lists discriminator thresholds for I
various values of -"

Moreover, if the discriminator in the loop reaches its threshold

prior to the point at which the closed loop threshold is reached, then

the threshold of the loop is:

0iT - DT

0iT - Input SNR at threshold

PDT -Discriminator SR threshold

Bn1  - Closed loop noise bandwidth

Since Bill < Bnl, it is obvious from equation (6-2) that some

degree of threshold improvement has been realized. However, a greater ]
threshold improvement is generally obtained by reaching the closed

loop threshold first. The closed loop threshold is given by the

following equation which is defined in noise bandwidth Bnl:

iT O 4.8 (6-3)

where; I
F -. 1 +K vK dKA

To ensure that the open loop threshold is not reached prior to

the point at which the closed loop threshold is reached, it is necessary

for the SNR at the discriminator input to be above ita threshold when

the loop input KR is equal to the closed loop threshold MiR. At i
the closed loop threshold, the discriminator input SUR is:

6-2
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BS0 T 7. (6-4)

where:

PiD w discriminator input SNR.

Substituting the right side of equation (6-3) for PiT into

equation (6-4) yields:

PiD m4.8 2 B (6-5)
B NIF

Comparing equation (6-5) with Table E-1, it is seen that the

open loop threshold is satisfied if - 2.18 %IF and F - 6.

For example, suppose a carrier is being modulated by a 1 Mc wave

with a modulation index of 10. Then the ratio of BNRF/fm is equal to

24, and the threshold of an ordinary discriminator is about 13 db

(see Table E-l). But if a feedback discriminator with F - 10 is used,

the threshold is calculated from equation (6-3) to be 3.92 or 5.94 db.

Moreover, since Bal will be smaller than the 24 Mc input noise

bandwidth, a further threshold enhancement results. Equation (6-6)

expresses total threshold improvement as follows:

13-59 0lg 24 Mc (6-6)
log10  Bnl

where:

- threshold improvement factor in db

From Appendix G, the equation for SNR at the output of a feedback

discriminator with post-detection filtering is:

.6-3
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12~ n3 R f M)2CO4

D 3 2 2 2 + 2 22 N, i
m n m

But assuming a >> a nd b * 2 x f , the output SNR becomes:n m

2 1 (6-7)

To snnarise the results implicit in Section 6, a feedback discriminator

has a lower threshold than a standard discriminator. But the SNR of a
2

standard discriminator is proportional to w vhile the SNR of a feed-

back discriminator is also a function of 2. (Pi is defn in BnI). ]

i

6o i
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SECTION 7

7ii OPTIMIZATION OF LOOP PARAiMSTRS

" 7.1l GENERL

In designing a feedback discriminator or in examining an existing

design, it is useful to know what the optimized loop parameters are.

Knowing the optimum parameters, a designer attempts to make his design

approximate the optimum configuration. Moreover, the "goodness" of an

existing design can be ascertained by comparing it with the optimum design.

An optimum loop has only two poles; the reason for this is twoola.

Additional poles reduce the phase margin and deleteriously affect time

response (see Appendix B). If the phase margin is reduced by additional

poles, there is the possibility that the loop will oscillate. On the

other hand, additional poles will slow down the time-response of the loop.

As far as loop parameters are concerned, there are three parameters

to optimize. Loop damping, loop gain, and filter bandwidth ratio are the

three parameters. Taking damping first, there are several methods of

arriving at an optimum damping factor.

Unfortunately, each method leads to a different answer when more

than two poles are involved. Two optimizing techniques, the Butterworth

and ITAN forms are discussed in Appendix B.

Table B-1 in Appendix B gives Butterworth optimizing forms for loops

having from one to five poles while Table B-2 contains ITAE optimizing

forms for loops with one to five poles. When a loop has two poles, the

two formm agree that the optimum loop transfer function denominator is

as follows:

D(S) a S2 + 1.4 %S + 2 (7-1)

2-1
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Equation (7-1) mans that 2 1 14, or 0.707 where C is the

loop damping factor. It is not always possible to have a loop damping

of 0.707 due to limitations imposed by the open and closed loop thresholds

as well as closed loop noise bandwidth. For example, the requirements f
imposed by the open loop threshold that Bnl >> 2.5 %ly iposes the fol-

lowing restriction on (see Section 6): .1
~ V*1~~(7-2)1

where N-

F -1+X K~ K

Equation (7-2) imposes an upper boundary on I In general, the re-

lation between , , and F is: 1
1 + 1 (7-3)

As far as F is concerned, an F high enough to give sufficient band-

width compression should be used. However, F should be made as small as

possible since an increase in F will raise the closed loop threshold

(So equation (6-3)] and will increase the closed loop noise bandwidth as .1
shown in the following equation:

~Ua 2 (N +1) (7-4)

Bn1 = closed loop noise bandwidth.

The IF noise bandwidth must be narrow enough to satisfy the open (
loop threshold. However, it cannot be a sharp cutoff filter due to sta-

bility considerations (see Appendix B), and it must be sufficiently wide .

to keep signal distortion at an acceptable level. Feedback tends to

7-2
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reduce distortion; hence it is possible to let N -pj for the entire

range of piF instead of the value indicated by Figure G-1.

Loop stability is increased as pjF is increased. Additionally, the

IF filter bandwidth should be made as wide as possible, considering the

open loop threshold, so that t can be made to approach 0.707 (see equationI 7-3).

Balancing the preceding considerations, Table 7-1 gives optimum

values of F and N for values of p starting at p m 3; if the expected

pRy is less than 3, an ordinary discriminator should be used. Here F is

not allowed to exceed 50 because a value greater than 50 could lead to

loop instability, and a minimu practical discriminator threshold of 9 db

is assumed.

7-S
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TABLE 7 - 1

OPTIMUM VALUES OF N and F for
SINUSOIDAL MODULATIOtI

PRF N FF

3 < ARF < 10 1 F 2P31

10 < RF 29 2 F r P1RF/1.26

29 < RF <46 3 F : 1RF/2

< .80 4 F0 5 R/2.7

80<RF <118 5 F RF/3.47

118 < 1RF 167 6 F a RF/4.2

167 J3 ,I 223 7 F P RF/4.9

223 < P < 280 8 F 0 RF/5.6

280 < 1RF5 F:50
50

7-4

PHILCO Wf.rgf,o DUVE.WM, ,..o.N,.



WDL-TN62-9

SECTION 8

VI DESIGN PROCEDURE AND COSI8DERATIONS

8.1 DESIGN PROCEDURE

Designing is made a tricky proposition by the open loop threshold

and by the need to maintain an adequate phase margin throughout the

L operating range. Moreover, optimizing loop parameters is a design goal.

Toward this end, optimization as discussed in Section 7 is applied to

the design method.

Three quantities must be known before a design can be undertaken;

they are: the modulation frequency, expected carrier frequency, and

input p. Knowing these three quantities, the design steps proceed as

follows:

a. F is obtained from Table 7-1. Since F - I + Kv Kd KA, the pro-

duct of the discriminator constant, the VCO constant, and the

dc amplifier gain are known.

b. N is also obtained from Table 7-1.

c. The IF center frequency, fe, is selected so that it is at least

100 times higher than the modulation frequency (this high ratio

ensures that IF discriminator leakage is sufficiently attenuated

by the low pass filter to prevent its perturbing the loop VCO).

d. A single-pole filter is used as the loop IF filter, the 3 db

bandwidth of this filter is 2Nfm (the filter center frequency

coincides with the IF center frequency).

e. The discriminator is designed to be as linear as possible (at

least 5% linearity is desirable throughout the operating range)

-" and the discriminator is designed so that its bandwidth is at

least 5 Nfm in order to minimize the effects of discriminator

poles. Discriminator output impedance should be resistive.

8- 1
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f. A single-pole (no zero) low pass filter follows the discrimina-

tor, and discriminator output resistance is essentially an in- 1
tegral part of the filter. The filter 3 db cutoff frequency

should be equal to f,.

gq An amplifier whose 3 db pass band goes from dc to at least 10 fm

follows the low pass filter. This amplifier mst have a high

input impedance to prevent its loading down the filter. Ampli-

fier gain, KA, is selected so that F satisfies the condition ii
set forth in step a.

h. Following the amplifier in the loop is a VCO. This VCO has a

center frequency which is fo cps lower than the expected input i
carrier frequency; thus, the difference between VCO and carrier

is the IF center frequency. Additionally, the VCO should have

a bandwidth of at least 5 Ffm PRN and a 10% transfer linearity
for an input range of dc to fa. i

i. Design of the loop mixer is critical only insofar as the band-

widths are concerned. The mixer must be able to accommodate the

signals from the input as well as from the VCO. Moreover, the

mixer output bandwidth should be at least 10 US.

8. 2 A WSIGN EAMPLE

Suppose that a 100 Mc carrier is being modulated by 100 kc signal

with a deviation of 2 Mc; this mans 1gy " 20. The design now proceeds

as follows: .

a. F 16 from Table 7-1, and therefore K. Kd K K

b. N a 2 also from Table 7-1.

c. An IF center frequency of 100 x 100 Zc - 10 Me is selected.

s-I ii
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d. The IF filter is centered at 10 Me and has a 3 db bandwidth of

lii 400 kc.

e. The discriminator has a O-volt output at 10 It with a 5%

i linearity in the ± 200 kc range about 10 Mb, and the discrimi-
nator bandwidth, which is determined by the knees in the S-curve,

jf is 5 Me. The output impedance is resistive (no capacitors are

used here).

f. The low pass filter should be 3 db down at 100 kc. Assuming

-" the discriminator output resistance is 10 Kn, a 160 pf capaci-

tor is attached between the discriminator output and ground to

give the required low pass function.

S. The dc amplifier is flat, within 3 db, from dc to 1 Mc. Ampli-

fier gain is KA -

h. VCO center frequency is set at 90 Mc, and the VCO has 10% trans-

fer function linearity between 88.2 Me and 91.8 Mc at its output.

VCO output banduidth is at least 9 Mc.

* - 8.3 HARDWARE CONSIDERATIONS

* Building hardware-satisfying design requirements can be difficult.

For example, som IF will leak through the discriminator. If the low

pass filter does not sufficiently attenuate this IF leakage to prevent

its perturbing the VCO, then additional circuitry is needed to attenuate

- the IF. This additional IF attenuation can be provided by a low pass

function (of course, the cut-off frequency mst be considerably higher

- than fm to minimize phase shift) such as an n-derived filter or a series-

resonant "trap" circuit tuned to the IF.

The discriminator itself should have a wide bandwidth so that its

phase contribution is minimized. While an ordinary ratio detector nor-

mally will not provide a large bandwidth, the circuit shown in Figure 8-1

PHILCO ... R..
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will provide a 501 bandwidth. In this circuit, it is necessary that

12>> 1i" "

Often one finds it desirable to apply AGC to the IF amplifiers pro-

coding the loop. The method of obtaining the AGC is shown in Figure 8-2.

A limiter is placed inside the loop instead of outside the loop as is

customary. This enables one to take advantage of the narrewed-loop IF

bandwidth in obtaining AGC.

Obviously, the limiter will produce harmonics which would delete-

riously affect the discriminator and so the limiter must be filtered.

In order to minimize effects of additional poles, the limiter filtering

is accomplished by a low-Q filter (see Figure 8-3). The filter elements j
are used to tune out the diode Junction capacitance, Cj. However, the

following requiroments must be met:

a. C2 >> C3

b. C3 >> Cj maximum

c. The voltage swing mest be great enough for CR1 and CR2 to clip.

Another feature illustrated in Figure 8-2 is the use of pads to pre-

vent interaction. For example, a pad is inserted between the loop VCO

and the mixer. This isolation prevents either local oscillator frequen-

cies or input frequencies from disturbing the VCO (of course, the use of

balanced mixers will also help to alleviate the VCO interaction problem).

A pad is also employed in the AGC circuit so that it does not disturb

the loop.

Section 8 developed a design procedure predicated on the optimized

parameters of Section 7, and a design example to elucidate the procedure

was presented. Additionally, some hardware problems that would crop up

in implementing a design were considered.
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* Fig. 8-1 Schematic of a Broadband Discriminator
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Fig. 8-3 Diagram of a Cimbinatioi IF Amplifier, IF Filter
(Single-Pole, Wide-Band), and a Limiter
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APPMNDI A

p DEZRIVATIOM OF A LINEAR MDEL

A.1 GENERAL

Because a frequency feedback discriminator operates on frequency, it

is useful to "linearize" the loop In terms of frequency into an equiva-

lent model. Explicitly, the loop components will be reduced by this

"linearization" to forms that are 8-plane functions of input frequency.

I - A system block diagram is illustrated in Section 3 (Figure 3-1).

In this figure, c02/2x is the VCO center frequency; 0 is the VCO estimate
of the input signal phase, and 82 is a phase term encompassing noise jut-

* - ter as well as all VCO phase components not contained in w~t and 0.

A.2 FORMLAS

The loop input in terms of phase is * - coct + 01+ On, and so the

equivalent frequency input iss

fin dJa - + d 1 + dL (A-1)
at t

where ~.- the carrier frequency in cps

01 - information phase

O- noise phase contribution

treating 01 as sinusoidal modulatio5~ o d COOs~a

d! dO 2 xf$id % (A-2)
dt d

wher ~d- carrier frequency deviation in cps
whr Ifd

- modulation frequency in cps.
A-I
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In equation (A-I), 01 represents the phase contribution from noise,

which is assumed to be Gaussian "white" noise within a band BRF. To

determine On, one must start with the incremental noise voltage which

can be represented as n(t) - An cos (ac + w)t. The next step, the cor-

bination of signal and noise, is made by assuming the carrier is unmodu-

lated, or .8- Ac coso oct. The sum of signal and noise is then:

e(t) -An cos (at + w)t + Ac cos at

- A(t) cos (wct + 0 nl) (A-3) ii
l tn

where 01 -tan kAc + An ))co

If a limiter precedes the demodulator, the time-varying amplitude in

equation (A-3), A(t), is replaced by a constant amplitude 1. Then: I
an- t A . sin o t) (A-4)

and the frequency contribution of 0n is found by differentiating equation

(A-4), or:

c A2 + Ac n ( coo wt ( )I on n (A-5)
rx-9t A2+ A 2+ 2A A cos o 2ar

c n c n sc)I

If a high input SI is assumed; i.e., A€ >> An, equation (A-5)

become: II
2 Af
2r dt A

and now the equivalent noise power spectrum can be determined. The man

noise power input due to a noise component at some frequency f is:

46 N .-- ! " (A-7)
2A .C

A-2
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2u 1 A f, where N is the power spectral density of the

2 0

Gf (f) is defined as being equal to & Rqwhere Gf (f) is the equi-

valent noise spectral density for a frequency type input; hences

(f) 23N A2.-
Gf -but (Pi) i a 2 N B or therefores

Gf M Pi B R Pi- input SI.

The loop input is nom determined by combining equations (A-1),* (A-2),

and (A-5):

f C + fsin Wot

i2x 2d

A 2(WCcos 2c t + Mcsin 2 C t + A CA a cot)
+ n2 2(A8

2x (A + A + 2Ac A. cooset)
c a C

Equation (A-8) becomes

f W !+ f sine tA-9
i t) 2 d a %t+2 ccooswt(-)

for A C > An

The next step is reducing the mixer shown in Figure A-i to a

ILnearised form. A mixer is basically a product device (mltiplier),

and the mixer used in the feedback discriminator multiplies the input

wave with the wave generated by the VCO. Thus the mixer output is.*.

A-3
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I. At S2 cos (Wlt + 01 (t) + 0,) cos (0t + (t) + 02)

which is in the forms

A cos a cos p, but coo cl cos " 1/2 coo (0g - p) + 1/2 cos (a + p)

Therefore the mixer output is:

an.3 (co [(O - 2 ) t+.01 +-+ - ] }
3 fcos [(w,+oM) t +0 1 + + 0A + } A-)

The second half of equation (A-l0) can be disregarded because its fre-

quency components are outside the passband of the hanna&!s filter fel-

loving the mixer (the filter passband is centered at 2'"

In terms of frequency, then, the mixer output is:

c - M2 A d On d 02

+ f $in V t d-i +
2 d a 2 x dt 2 x dt 2 x dt

Consequently, the mixer becomes a frequency summer in which the loop input

is considered as positive while the VCO output is taken as being negative. [f
The next loop component to be considered is the bandpass filter.

This filter will be reduced from a bandpass to its equivalent low pass

form using the method outlined by Weaver and Lawhorn (Ref. 8) in an I.R.E.

letter. Although Weaver and Lavhorn performed their analysis for a phase-

locked loop in which a phase detector was used instead of a frequency

discriminator, a frequency discriminator in the frequency domain corre-
sponds to a phase detector In the phase domain, and with this transla-

tion, their analysis Is apropos to the feedback discriminator problem. 11

PHILCO W..sKN DVRLOPMENT L.D.. ..
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Output Amplitude (Volts)

I. Kd

0 1

2n

(cps)

Figure k-i Characteristics of an Ideal Discriminator

In Figure A-i, Kd is the output amplitude in volts when 0, 2 
0 1

The transfer characteristics shown in Figure A-1 can be considered as re-

sulting from a mixer fed by an oscillator sitting at w and by the band-

pass filter output. The block diagram of this circuit is shown in

Figure A-2.

Fs G .() +.,. H(s)

Jcos Wot)
F (S) - Filter Input
G (5) - Filter Transform

Figure A-2 Block Diagram Showing Bandpass Filter, Reference Oscillator,

and Mixer

A-$
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If F (s) is the Laplace transform of the filter input, the filter

output is F (s) G (a). But F(s) may be factored into F (a) - x(s) Fz*(s), 
where F (a) contains all the upper half S-plane poles and zeroes of F (a),
and F. (a) contains all the lover half S-plane poles and zeroes of F (a).

Similarly, let G (J) - G (s) G* (s). The Fourier transform of f(t) is

the same &a the Laplace transform (with S - cD) of f(t) if i

f f<tjld o < - and f() . 0 for t < 0

or F(t) - F (a) S 9D

Similarly, G (o) - G (s) S co. However, the Fourier transform of

Co. CDMt is X[ ( (<D ) + o(+ on] because: 1
F .c } CoxtQost) W °._

due to the fact that ~Cos 0t de w it C(03) is the impulsef
function.

The Fourier transform of h(t) is the convolution of the individual

transforms of f(t), G(t), and the reference cosine wave, or:

H (o) g fF X(o-cDO) F (a)-06) (-l,<G> (C. (CD < -oo CD) (o > + "') 7
G0<o)o[/ <o-Oo +f/<-+-o] - i

Integrating, equation (A-11) becomess

(A-12)

11( " [F ( a ) F %)- o) Gz (-w) %*(w- w)]

r (CU+ W.) (W +<to) 6, (w+j)4 ( L o) (o ) 41ii

At this point, it is necessary to make an assumption about 0 , the -

assumption beinS that the center of the bandpass filter is selected so [

A-6
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that it in a,0 and the center frequency of f(t) is mor in the words

Lxco and GW(G are symmetrical about mc. When this is truss

Fx(w - w)inFx(,+w6) and G(w a iG *(w + w)

The term F (a * (t ) represents the moving of the F x(m,) lower plans polo

zero center point from -w0 to -2 %, while F x (w, + a,0) moves the F x(WI)
polo and zero center from w, to 2 w . Therefore 75 (a, - w, F (w (a+a

0 0x 0 0

and tlhe sae reasoning applies to G(w, + me) and G* (w, - a,) However,

these high frequency components contributed by G1 (a + me0) and Fx (a + me0)

can be lumped together as simply a gain constant, say K1, or:

+ (a,0+ ) F x(CD + M,0)

Equation (A-12) then reduces to:

Ha, WK~ x(M -a0) GX(M - ) +%%t LFa-w,( (aoo)

From complex variable theory:

Z +Z i23.(Z) ont

H(a,) m 2 Re (KH) x %(o- wo) Gx(a - w) (A-13)

In Laplace domains

H (a) a Fx (S - j CPO) Gx (S - J aw0)

Hence, the filter is translated by jso that its pole zero pattern
0OI

is centered about the origin instead of co , and the bandpass filter is

am equivalent to a low pass filter.

A-7
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F w and F (O)) are also translated to the origin, but
isc) ~~a)' the transform of f(t). Hance the input to the bandpassj

cnbe treated as a low frequency input, and this #am f(t) is also the

output of the mixer shown is Figure 3-1. The "linearized" mixer output-

is therefore

f(t) fd $in Imit, 2x dt + 2x dt 2x dt (A-14)

Referring to Figure A-1, the discriminator transfer function is seen to

be a constant 14 time the frequency input (bearing in mind the frequency

transformation 2x0 which was previously justified).

The VCO shown in Figure 3-1 has the characteristic that its output

frequency changes in a linear manner with a change in input voltage.

Therefore, the VCO assume a constant, say K,,as its transfer functionI;IL
in the frequency domain.

All the loop components have now been reduced to their Laplace or I
S-plane forms for a frequency input. This information is summarized in

Figure A-3, which shows this "linearized" loop in block diagram form.

KH~s)

KU

Figure A-3 Linearized Loop

A-0 I
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l(.) d $in mat +2 dI

A-9
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APPINDIX B

v TRANSFR FUNCTIONS

B. 1 OPTIMIZATION OF TRANSFER FUNCTIONS

When one speaks of transfer functions, the logical query is: "How

is the transfer function optimized?" Unfortunately, there is no clear-

cut answer since a universal optimum criterion has not been established.

For example, one could use the Weiner-Hopf criterion to optimize SNR or
one of several servo theory criteria to optimize loop time response.

The Weiner optimum transfer function is predicated on the assump-

tions that the system is linear, the process is stationary, and the man

square error is an appropriate measure of the system error (Ref. 1).

When these assumptions hold, the following equation is valid:

Go(s) * ~-- 1 [...so Gd(s)]

where - Laplace transform

=Inverse Fourier transform

G 0 (s) - Weiner optimum filter transfer function

Gd(s) - Desired filter transfer function

- (s) - Signal power spectral density

*nu(s) - Noise power spectral density

eii(s) to @a(0) +0 22(s)

4 j(()) +) + i(s)

PHILCO .WE RE
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Equation (B-1) gives the optimum transfer function in terms of SNR

according to the Weiner-Hopf criterion. However, a specific solution of I
equation (B-i) is good only for the signal and noise spectra used in the

solution, and the solving of equation (B-i) is extremely difficult for

certain signal spectra such as a step function.

Moreover, it is desirable to optimize the loop performance for a

step input since this is a commonly encountered stimulus. Consequently,

criteria in addition to the Weiner-Hopf optimizing criterion merit exami-

nation, and several servo theory criteria will be considered (Ref. 2).

Assuming a loop transfer function of the form given by equation (B-2), I
the Butterworth optimizing function, which locates the denominator poles

on a semicircle (the center being at the S-plane origin) in the left 1
half-plane.

R(s) v (B-2)R~) SV+b v'1 S V-1 + ... + b2s2 + b 1a+ a2

The Butterworth desninator coefficients for values of V from one

to five are given in Table B-1.

TABLE B-i1

BUTTERWORTH OPTIMIZING FORM

S + On

s2 + 1.4as +  2
n (n

S + .6 VuS + .4 2Sn + .64 Sn + 32 nS+m

9-2 .
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Another criterion deserving consideration is the ITAN (integral of
Stim multiplied by the absolute value of error) criterion. With the ITAS

method, the integral
I uf t 16J dt is minimized.

When the transfer function has the form of equtation (B-2), Table B-2 gives

the ITAR optimum denominator coefficients for values of V from one to five.

TABLE B-2

ITAE OPTIMIZING FORM

Iin
S 2 +14%S+ 2

S3 + 1.75 wnS 2 + 2.15 w3S +3

S+ 2.1 C)nS3 + 3.5On + 2.7 %o3S + %D

Both Tables B-1 and B-2 have been tabulated for values of V from one

* to five, and since the two tables were derived from the same transfer

function form, i.e., equation (B-2), a comparison between them can be

made. The optimizing forms are identical vhen V - 1 or 2.

While there is some difference between tables for V - 3, 4, and 5,

this difference is not very great, and it can be neglected in the design

of feedback discriminators. Consequently, one can use either Table B-1

or B-2 to design the feedback loop.

3. 2 LOOP TRANSFER FUNCTIONS FOR THE FEEDBACK DISCRIMINATOR

Using the linearized loop form shown in Figure A-4 of Appendix A,

the loop transfer functions at the VCO output, discriminator output,

mixer output, and low pass filter output can be ascertained. Loop

PHIL M 0 w , ,o, O, ,,
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transfer for the general case as portrayed by Figure A-4 and the particular
Kab a will be deterid.

case when Gb(s) = and G (a)- a w b'r
b()' a a a +a

The transfer equation for the low pass filter output is:

C(s) Ga(s) G.(s) Kd (B3)
R(s) "I + Ga(s) K d-

KA b
whent Ga(s) a + and G

a S+a b 8) + b

C(s) a Kd KA (B-4) i
R(s) S2 +22 ,s+ n

at the VCO output:

H(s)(s) b) d  B
R(s) I + (s) G(s) Kd Kv

Or.ia the specific case:

2 b
H(s) -n . - a&

((s) 2 6
S + 2 co ns + W

the discriminator output is:

W Gs)K (B-7)f
R(s) 1 + G () G b()s Kd ';V

ii
for the specific case:

- gs . (S + b)Kd (-8)

R(s) ~22

-t+ Onii

PH ILC O % . . . ."... A.,.
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Net, the mixer output, which is the error I (s), will be found:

Aul (3-9)

lGa a) Gb(a) K K

When Gb(s) A . b  and %(8) a
S~b S+a

S2 + b~ a S + a (-0

22

Equations (3-3) through (B-10) are summarized in Table 4-1 of
Section 4.

B.3 IF TRANSFER FUNCTION CONSIDERATIONS

The IF filter in a feedback discriminator is tuned to the center IF

frequency. Hence, the filter is tuned when the input' carrier is unmodu-

lated (there is a tacit assumption that the frequency difference between

the carrier and the VCO center frequency is equal to the center IF fre-

quency so that there is no frequency error). But modulation, which varies

much more slowly than the carrier, has the effect of detuning the IF

filter (Ref. 3) with respect to the IF frequency (the detuning is maxi-

ma at modulation peaks).

* This detuning has a deleterious effect on the loop because it

increases phase shift in the IF filter. The increased phase shift in

turn decreases the loop phase margin. In fact, the loop will oscillate

on modulation peaks if the filter phase shift is great enough.

In order to minimize phase shift produced by modulation detuning in

the IF filter, it has been shown (Ref. 3) that a single-pole "slow roll-

off" filter should be used. The term "slow roll-off" is arbitrary, but

9-5

PHILCO 0.m.°, ,.. ,.. ,



WDL-TN62-9

in this context it is meant to denote an attenuation slope of 6 db per

octave, or less outside the passband. Consequently, the IF filter has I
an equivalent low pass transfer function whose form is 8+ b

B.4 CONSIDERATION OF TRANSFER FUNCTION ORDER

The highest order of the loop transfer function denominator at the

sumning junction is equal to the number of loop poles because there must

be at least as many poles as zeros. On the other hand, the highest order

of the loop transfer function numerator at the summing juaction is equal

to the number of loop zeros. The preceding statements were deduced from

equation (B-11) which was derived from Figure B-1.

R (3)
A(s) H(s) 7

21
Figure B-1 Diagram Showing H(s) as the Loop Transfer Function j

at the Summing Junction

Let A(s) - N(s) where the zeros of N(s) are the zeros of A(s)Let As) -D(s)

while the zeros of D(s) are the poles of A(s). Moreover: ii
H(s) A( )  or H(s) N(s)(B-I)

+ A(s) D(s) + N(s) -j

Recalling from elementary theory the fact that each pole of A(s)

contributes a -900 phase shift at w a -, while each zero centributes a

+900 phase shift at co - -, one sees that the phase margin is reduced

relatively to the increase in poles.

P -6 I
P H I L CO ETR EEOMN 0 ......
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Consequently, there is a possibility the loop will oscillate if

hi there are more than two poles, and care must be exercised in the design

to ensure that there is sufficient phase margin at the gain cross-over.

Another attribute of poles is the effect on response time. Generally,

increasing the number of loop poles increases the loop time response and

thereby has a deleterious effect on loop transient response (Ref. 2).

Considering the undesirable effects produced by multi-poles; i.e.,

I. reduction of phase margin and lengthening of response time, the best

design for a feedback discriminator seems to be one incorporating two

L poles with no zeros; one pole is contained in the IF filter, while the

other is contained in the low pass filter at the discriminator output.

!! The resultant function is then in the form of equation (5-4).

5-7
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[1 APPENDIX C

TRANSIENT RESPONSE

C.A TRANSIENT RESPONSE FOR SINE WAVE INPUT

The transient response of a feedback discriminator is useful to

know because the loop transient response defines the loop dynamic

behavior in the presence of an input stimulus. For example, one can

predict the accuracy with which the loop tracks the stimulus and the

tracking range by determining the transient error, denoted e (t).

While many loop configurations are possible, the configuration

chosen for this analysis is the loop that contains, when reduced to its

linear equivalent, a single-pole bandpass IF filter and a single-pole

baseband filter as shown in Figure C-1. However, the analysis method

used in examining this loop configuration can be extended to any other

loop form.

+ (s) a b K Kd  S)

Figure C-1. Loop Form used in the Error Transient Analysis

When the input to the loop, which is applied at time t - 0, is

a carrier being FM-modulated by a sine wave, the time-varying signal is:

fd cos Wt
e (t) A sin (wt + f

PHILCO w.Mg, DVELOPMENT LAWOATOfIE
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or in terms of frequency:

W -d in
in 2 d inc in dt T 1t

However, the center frequency of the linearized loop (see Appendix A)

is W C' and therefore the frequency input can be taken as:

f 1(t) - f d sin w t(C-1)

In terms of the S-domain, equation (C-1) becomes:1

f W
F 1 (s) 2 2 (C-2)

S + W
m

Examining the servo loop illustrated in Figure C-1, one finds that i
the S-domain error, E(s), iss

9(s) - R(s) [i C(s) K jJ (C-3) i
On the other hand:s.

aK Ka bC (a) . (C-4)
R(s) S 2+ S (a +b) +ab (1 + K K K)

dv

Combining equations (C-3) and (C-4);

E(s) R (s) 2 2+ ab+b(C-5) i
S + S (a +b) + ab (I +KA Kd K

PHILCO WR*TMN DUVELOPIAHSNV~ TOI
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To simplify equation (C-5), make the following substitutions:Li
0n2 ab(1l+K A Kd'VIi

2 twn a + b

I
Equation (C-5) then becomes:

K(s) - R(s) (C-6)
S + 2tnS + nif

fd 'm
From equation (C-2), R(s) S 2 +m2 since:

R(e) =F (a)  f fdm
S + C)m

In the time domains

e(t) f fo2m 2 2 2 + a] (C-7)
s + )(S + 2twnS + %2

Performing the indicated operation on equation (C-7) yields.

1"

!--
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r i/ a (a + (ab )2
e~~t)m -a i 1/ sin Qnat +

na aag (6) +

.tca t F(ab - co2 2
+l 2

c.2~~~ ~~ 1slrs 2sos 2o 2 uu~Ys,:

(sin ~I tT + in-cp

where:

.1 2twum ,_ an~ (2 ;n%1
an- a (o)r2) _ t n D 2

ta "l n 1(C.8)

C. 2 TRANSIENT RESPONSE FOR A FREQUENCY STEP

The next input stimulus to be considered will be a frequency step, -

and the transient error will be found for the loop configuration depictedj

in Figure C-1.* For a frequency step, the incoming time-varying signal

voltage is:

P(t W [A sin W %2 t ~]i

where:

92t 1 for t>O0

92(t) - 0 for t<0 (C-9)

PHILCO W..Mwo DEV8LOP.NT LADEAT@o
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2x

7 g (C-10)

Substituting equation (C-10) as R(s) into equation (C-6) yields an error

1:~ of;

Co S 2+ 2 a nS +ab (-1
E(s) m Us S2 +2tcoS+ on 2 (-l

In terms of time, equation (C-1l) becomes:

W I 2x 2 - 2 (C-12)

~~tc wS + con

Performing the indicating operation on the right side of equation (C-12)

gives:

ab (ab co 2 tn ai un

in cps

where:

- tan' li i (C-13)

The loop error transient response for a sine wave input was derived

I. in Section C-i with the end result given by equation (C-8). Additionally,

the loop error transient response for a frequency step input was found in

Section C-2, and equation (C-13) displays this result.

PHILCO Wgr* RZOOETLDNTRC
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U APPENDIX D

DERIVATION OF CLOSED LOOP NOISE BANDWIDTH

D.1 GENERAL

J The closed loop noise bandwidth% i.e., the noise bandwidth at the

VCO output, plays an important role in the loop design (described in

Ji Appendix F); it is therefore necessary to derive an expression relating

the closed loop noise bandwidth to the other loop parameters. The

7i closed loop noise bandwidth will be found as an equivalent rectangular

band for a flat spectrum input. This equivalent bandwidth is given by

the following well-known equation:

m2
2J R(vd) (D- 1)

where&

H -the maxiimum absolute value of
1 (iw)

-the transfer function at the VCO output
R Uwm)

To determine the noise bandwidth at the VCO output Figure D-1,

the transfer function for the VCO output toii s and%

HJs) . K v Kd A ab(D-2)
I(s) 8 2 + (a +b) S +ab (+ KvK d KA

PHILCO WM6MgnN . KWKTLMAOI
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RHs -- Soi --i I ;  C(.s)i"
H(s) 

7

Figure D-1. Circuit whose Closed Loop Noise Bandwidth i
will be Determined.

If the following substitutions are made , ]

+b - 2 to) ,

ab (l+ K v dKd K - ]

Equation (D-2) becomes: ]

H(s) K v Kd KA ab (-3)
R(s) s2 + 2ts + % 2

Letting S - JW in equation (D-3) yields:

K Kd KA ab i
- vdA (D-4)

R(jw) 2 + 2 J n ow4 ]

The uaxiam absolute value of i-(IW) in equation (D-4) Is clearly:2

1~ + vd A

D-2 i
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Substituting equations (D-4) and (D-5) into equation (D-1) gives:

(l+K d2w 2  2 2 2_d2

to~ + 2jt w 2 12

Ii or letting I stand for the integral:

dka (D)-7)
m4 2 22 2 n2  4)Ii -- +0) (4 -2c )+

f D + DO n n + ( n

hThe next step is to complete the square in the denominator of
equation (b-7) so that the denominator can be factored:

.-.

2+ 24 2 4o -n +0

and:

2 On 2+ (4 2 2)

V-3
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I- ~~~dw (~~) 2 1 T ]i
f 2 + "2 (2g2 1) + 2j

The definite integral in equation (D-8) can be evaluated by contour

integration, as shown by the Residue Theorem of complex variable theory.

The Residue Theorem is stated as follows: ]

Let 1 be a closed curve on and within which g(z) is analytic

with the exception of a set of finite singularity points A
(Z1, Z2, ..., Zn) enclosed by 1.

If K1, K2. . .. . .. Kn represent the residues of g(x) at these

singularity points then; I

f g(z)d: - 2 xJ (KI +K 2 + .. + Kn) (D-9)
I

where the integration is taken in a counterclockwise sense i
around 1. I

The integral path of the complex function in equation (D-8) is taken

to be the real axis from + co to - a with a semicircular curve at IZI = - 1
in the upper half-plane Joining these ends of the real axis.

To evaluate the integral of equation (D-8) through the use of

equation (D-9) in a straightforward manner, the denominator of equation I
(D-8) i factored to facilitate finding the residues.

PHILCO WWWMN. DEVLOPMNT LAo.MATOSES
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*[2 + n2 (22 1) + 2tcn 2 IF 2 n2 (2t 2 1)

(C- a) (t - a2 )(w - a3 ) ( - a4 ) (D-1O)

where:

9I -" o A o

a2 - o + J0Po

a3 - a.+ JPo

a 4  - mo-JP

and i

JI Iso - %~

00 t cfih

Ivaluating the upper half-plane residues of equation (D-10) yieldst

p-s

PHILCO wESTERN 0VELOP..NT LA@.AT f
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l

2 (a2 " a )(a 2  a "3)( 2 a 4)

" JI% o %-i o' I

K3 1
3 (a3 " a )(a 3 " a2 )(a 3 " a4)

Jjckopo (0 + j 0)

But: 1 2 2- J (K2 + K3) and therefore:

- 2 00(%2 + )02

or: 3 - 3 (D-11)

Substituting the value for I given by equation (D-11) into equation

(D-6) gives:

( l+KKdKA) a2 b2

PHILCO War"". ,-,.,L,..,. L,..,N,,.,,,
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or since~

(l+2 K 2 2 2

+ CKdA)b

~ni -in cps

n- 2 - nra/ (D- 12)

Surprisingly enough, the rather formidable expression for closed

loop noise bandwidth appearing in equation (D-6) reduced to a simple

relation between this bandwidth, the natural frequency~and the loop

damping as is demiontrated by equation (D-12)-.

D-7

PHILCO WKSTERN KKOMNLARTMI



VDL-TN62-9

APPENDIXE

THRESHOLD

II 3.1 CLOSED LOOP THRESHOLD
The selection of a threshold point is generally a difficult task

1. due to the arbitrariness associated with the selection. For purposes of

this discussion, the closed loop threshold will be designated as the

J point at which a minute degradation in input SNR will produce the onset

of spurious noise or "crackling" at the output of the loop. This is

the same threshold definition used by Enloe (Ref. 3).

The problem is now defined as that of finding a mathematical

expression which relates the threshold with the loop parameters and

some measureable quantity. A logical starting point in the quest is

to find the effective SNR into the loop. This is simply (Ref. 5):

A c/2

i N 

(NR-

0

where

A - peak signal voltage
c

N - noise power spectral density

0

BIR, - noise bandwidth (double-sided)

2 N'B (3e-2)

where

NI - normalized noise power spectral density.
0

-o = N /A 2

As far as the loop is concerned, only the noise within the loop noise

bandwidth has any effect, and thenoise bandwidth Bl is given by

equation (D-l) in Appendix D; 1A.,

E-1
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nl R (Jw)

-00

whereJ

H - the maximum absolute value of H (jw)

H(jv) - VCO output transfer function.

The equivalent input Sn from equation (1-2) is then in bandwidth j
B"

=2 NOB (1-3)

o nl i
Moreover, the rms phase error at the VCO output is:

It H(1w 2 dw

2 R (jw)

or; N" a i
H f (jw) 2w d(-4)
R (jw)

Substituting the right side of equation (E-4) for N into equationo

(E-3) and simultaneously replacing Bnl in equation (1-3) with the

right side of equation (D-l) yields:

i Hae (1-5)
pi - TI. z-)"

20L
m

In terms of loop parameters, Hm is given by equation (D-5),

K Kd K .
i.e., H . v dK a If one defines F, which is known as the

feedback factor, so that 1 + K v Is% " F. becomes:

-___F- 1 ( 9 -6 )

F
Placing the equality expressed expressed by equation (1-6) into

equation (1-6) gives the following result:

E-2
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Enloe's experiments (Ref. 3) on feedback discriminators indi-care that spurious noise appears at the output of the loop when x oW

1" radius. Using his results along with equation (E-7), the
3.11

closed loop threshold SN, pit, is:

4. 8 F "1 (-8)

Equation (E-8) to useful in designing and analyzing feedback
discriminators because it explicitly relates iqput closed loop

threshold SNR to the feedback factor F.

B.2 OPEN LOOP THRESHOLD

In addition to contending with a closed loop threshold, the

designer must cope with an open loop threshold produced by the

discriminator. In fact, the SNR into the discriminator must

be sufficient to ensure that the discriminator is operating above

its threshold, or the closed loop threshold considerations analyzed

in Section E.1 are invalid and the open loop threshold holds sway

over the loop operation.

The discriminator threshold, or the open loop threshold, is

defined as being the point at which any decrease of discriminator

input SNR will cause the output SNR to be significantly less than the

output SNR predicted by the standard FM improvement formula; i.e.,

o  3 p 2  BNIF pi (E-9)
2 f m

where 0 - modulation index

BNIF - IF noise band width (low pass equivalent)

f -- highest modulation frequency

E- 3
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Stumpers (Ref. 6) has published discrimimator curves from which

one can ascertain the threshold. In his curves, Stumpers has plotted

input noise-to-signal ratio vs. output noise energy for various ratios

of IF bandwidth to modulation frequency. (Figure 3 in Stumper's article I
can be applied to any IF filter configuration if A a is taken to be

the noise bandwidth of the filter).

Discriminator threshold for several ratios of IF noise bandwidth
to modulation frequency are given in Table 1-1. ii

To ascertain whether open loop threshold is satisfied for a particular II
loop design, the closed loop threshold is determined from equation (1-8),

and the noise bandwidth of the loop is also calculated. (See Appendix I
D.) Obviously, the minimum SNR applied to the discriminator will be

at the time when the loop SNR input is PiT, assuming the loop is operat-

ed above the threshold.

Moreover, the noise density producing a SIR or P in a noise

bandwidth of Bnl will give a SNR of PiT B in a noise band-

width B. Consequently, the SNR at the input to the discriminator is:
Bnl

0i0 iT %I

PiO = discriminator input SUR

Expressed in decibels, equation (3-10) is;

10 log10 io - 10 log10  i/ (3-11)
BI?

Equation (3-11) is evaluated, and this result is compared with
the appropriate entry in Table 1-1, i.e., for the proper ratio of IF

noise bandwidth to highest modulation frequency. (Extrapolation can i
be used for in-between values.) If the SNR~decibels obtained from

equation (3-11) exceeds the threshold value from Table 1-1, the open _1

loop threshold has been satisfied; if not, the open loop threshold has

not been satisfied, and the actual closed loop threhold will not be
the threshold predicted by equation (3-8).

PHILCO w64Y o..RN D oVLOPENT ,.Do,,..,,
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TABLE 9-1

VALUES OF DISCRIMINATOR INPUT SNR AT THIRSHOWD FOR VARIOUS RATIOS OF

I BNIF TO f
m

IF Noise Bandwidth equivalent Discriminator Input SNR at
f Thresholds

m

2 6 db

5 8 db

10 db

15 12 db

25 13 db

E-5
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ii APPENDIX F

If FEEDBACK DISCRDIDNATOI DESIGN

II 1.1 GENERAL

This appendix is devoted to development of the equations used in

7i designing two-pole feedback discriminators. The first of these equations

to be derived is the equation relating the effective P in the IF portion
of the loop, denoted 0 IF, with the feedback factor F and the input 0,

Ii defined as APF'

The signal applied to the IF is simply the output of the mixer which

is E(s) in a linearized loop (See Fig. A-4 in Appendix A). Now one finds

the amount (t) changes, e(t) * - E(s), for a given change in the input

frequency. This has already been determined in equation (C-13) of Appendix

C, and since only the steady state value is of interest:

(t) s fd 2'WnWm 2 (F-l)

42 n 2m2 + (Wn2 . Wm 2

Defining F so that -n
2  N b2 F, Equation (F-1) becomes for F2 >> 1:

d 2
C(t)ss " 7" 2(N2 + 1) (F-2)N2

But the IF frequency shift is e(t)*5 or M e (t) while the RF

frequency shift is AfRF fx

then I 2(N + 1)N2

hence F UN 2( +1)F N2

ARF 2orF --- 2(N 2 + 1)
or N IF N2  

(F-3)

F-1
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Equation (F-3) expresses the desired relation between F, PRF and

ply* The next relation that will be obtained is the connection be- I
tween F and the ratio of IF to low pass bandwidth. N is defined. to

be this bandwidth ratio. Before proceeding with the derivations, the

following definitions will be restated:

a+b 2C%

A 2

n

Substituting a - Nb:

b (1+ N) - 2tw (F-4)

and b2 NF 03 2  (F-5) j
Solving equations (F-4) and (F-5) for N yields:

N -2t 2 F - 1 + 2t 2F 2 '- F (F-6)

Moreover, in order for the closed loop threshold to predominate

(See Appendix B), the closed loop noise bandwidth must exceed the IF

noise bandwidth by some factor. The value of this factor is determined

by F, Bnl, and BNIF; but B is in turn a function of N, completing the

circle. If b - co, then N - PIF If the open loop threshold require-

ment is not met, then either the chosen ratio between closed noise band-

width and IF noise bandwidth must be increased or a larger F, which in

turn reduces BIF' must be used.

Assuming Bnl - BIF

nlNIF

F-2

PHILCO WETEmN DWVELOPHEM? LAWOATORIE



WDL-TN62 -9

a)
_n .~fo qain -12) in Appendix D. The noise band-Ii width of a single pole filter is about 1.57 times the 3 db bandwidth.

One-half the IF 3 db bandwidth is equal to a [see Equation (A-13)1
which in turn is equal to Nb, and therefore one-half the IF db band-

width is:

a- Nb

Then the IF noise bandwidth, considering a two-sided noise spectrum
is:

BNI - A.. (F-7)

Substituting the right side of equation (F-7) into equation (F-6)

gives:

n1.57 D Fi7(-8

F-3
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Solving equation (7-8) for

1/2 VF/

Now letting < 1/2\V/ in equation (F-6) gives the result that:

N F - i (F-9)

Equation (F-8) expresses N as a function of F for the case when

closed loop noise bandwidth is equal to or greater than the IF noise

bandwidth.

2 osrNlRNIF~aby

The IF bandwidth is determined by the modulation frequency and ]

BIF . Assuming sinusoidal modulation, the IF time varying voltage is:

IP (t) - A sin (co t + $IF sin out) (F-10)

where;

elF - IF voltage

A - peak IF voltage

c% - center IF frequency ii
Equation (F-11) can be expanded using the relations sin (A + 3) - sin A .1
cos B + cos A sin B into: i

e(t) - A sin ot cos BF (sin t ) +

IF Ls IF

cos mot sin BIF (sin cot)] (F-i1)

Ft-4

PI



i.
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but:I coo B (sin wt) Jo (B + 2 (BIF) coo 2 w t
IF m~ (BF) + 2

+ 2 4 (B I) cos 4 mt + and ......

sin B (sin ) 2 il (B) sin %t

+ 2 J3 (BIF) sin 3 %t t..........

Jn (BIF) represents a Bessel function of the first kind and order

n with argument BIF . Therefore, equation (F-i) becomes:

Ie1 (t) - A Qo (BIF) sin %t

+J1 (B11) [sin (%t+ t- sin (wo-n) t]

+ J2 (B1 F) [sin (% + 2 a)r) t + sin ( - 2c t)]

+. ........... (F-12)

In equation (F-12), Jo (B IF) is the carrier amplitude and Jn (BIF)

is the amplitude of the nth sideband. In order to determine the required

IF bandwidth for a given B IF' the Bessel functions in equation (F-10)

are evaluated for that BIF , and only the sidebands having significant

amplitude need be passed by the IF filter. For example, if B IF 2:

J (2) - 0.2239

1J (2) - 0.5767

J2 (2) - 0.3528

F-S

PHILCO W.EUTRN ... ,,A ,



VDL-T62-9

1

J3 (2) - 0.1289

14 (2) - 0.03400, etc. (Ref. 7)

Hence, when BIF - 2, "sidebands whose order exceeds 3 can be neglected I
because their amplitudes are small, and BIF = 6 f

IF m
In Appendix F, an expression relating F, B, and BI is embodied

in equation (F-3), and equation (F-7) relates N to F. Additionally, the

method of determining BIF has been derived. i

]
ZI

I
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APPENDIX G

SNR PROPERTIES OF
STANDARD AND FEEDBACK DISCRIMINATORS

As the first step in examining the SNR characteristics, the deter-

mination of the bandwidth required by any given P will be found.
Equation (F-0) of Appendix F is generalized by letting 13 ply, c ( 0c

and e e IF' When this is done:

• A J ) sin ot +

J ) [in (,+ ) t] +

J2  n ([in(,+ 2W) t +sin (c -,t)]

+..) (G-1)

Equation (G-1) is evaluated (Ref. 7) for various values of A

and the sidebands whose Bessel function co-efficients are less than

0.03 are disgarded; the result is shown in Figure G-1 where required

bandwidth divided by f is plotted as a function of 0 . Figure G-1m
can be used to find the required information bandwidth for a given

value of P , if P is between zero and 20. Moreover, the information

bandwidth found from Figure G-1 is also the noise bandwidth, and this

noise bandwidth will be used in determining the signal to noise ratio

improvement resulting from the use of frequency feedback.

The output SNR for a standard discriminator is derived by Schwartz

(Ref. 5) and is:

G-1

PHILCO WE.STERN o.VKLOPMRT LAONATOR,.
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P 2 3  P (G-2)

where ]

PO = output SNR j
P1  = input SNR

13NRF .input noise bandwidth (low pass equivalent)

The value of NIF in Equation (G-2) is equal to the required

information bandwidth, assuming ideal square filtering.

Equation (G-2) expresses the output SNR for a standard discriminator,

and now an equation expressing the output signal to noise ratio of a j
feedback discriminator will be found. Assuming the time varying voltage

(no noise) applied to the loop is:

• (t) z A sin t+ cos cDt

the equivalent frequency input (see Appendix A) is: ii

f a f sin M t (G-3)d m "
.1

Taking the Laplace transform of equation (G-3) yields:

FI (a) d +m (G-4)

m " I
The loop transfer function at the low pass filter output is

obtained from Appendix B, and it is:

G-2
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is) iKd K ab

Ida i(s) 3 2 +2oa 02 (G-5)

IIn n

where C(s) and R(s) are defined in Figure A-4 of Appendix A.

J R(s) is the equivalent frequency input which is equal to F(s),

(8) in this case. C(s) is taken to be the output signal. Therefore,

fd Cm d Ka abC(s)- 2 ~s 2w~n (G-6)

m n

" The steady state output voltage (in the time domain) is obtained

by taking the inverse Laplace transform of equation (G-6),

f KA K ab
or % ~ d sin (M +* (G-7)

n m ~n m
f d

But since PRF f equation (G-7) becomes:
m

P RF f m Ka Kd ab sin (Om t + (G-8

S(coin(G8)

The normalized output signal power (based on a 1 £ load) is simply

the square of the rms value of Po in equation (G-8); signal power is:

2 2 2 2 2 2

" Now that the signal power has been determined, it is only necessary

to derive the output noise power in order to find output 813. The

G-3
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technique used to ascertain available output noise power is findips the

equivalent input noise power spectral density and multiplying it y the

closed loop noise bandwidth. Of course, this approach is predicted on

the assumption that the input noise has a flat spectrum.

Recalling from Appendix A, that the input UK is:
A2

P (G-1)12 No  j'111

Where

AC x carrier amplitude

No x noise power spectral density

Equation (G-10) is normalized by dividing umserator and denominator

of the right side of A2 so that it becomes:

2i. 1 (G-ll)

w.ere ii
No z No/c

and N' is in (cps) 1  .1

N' in Equation (G-11) is the normalized noise power spectral density.

From Appendix A, the equivalent noise power spectral density for a

frequency input is:

N 02
G f~ M or Gf(0) 4X o 0

G-4
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[I
but:

N = i
0 12NRF

Hence,

f 8 X2 P i N RHe

Io._ If a rectangular post-detection filter having a bandvidth of fm filters

the loop output, then the output noise power is:

~~N~ ( C jo) 12 do(G)
II

but:

I~a~s1 J2 2 b2 12 12

R(jo) U2 _ ) 2+ 4t (1? (° 2

When the above substitution for CCO is inserted into equation
IR(ja) I I

(G-12), evaluation of the integral is exceedingly difficult. However,

if a post-detection filter having a finite number of poles is used, the

integration limits are - .o to + w , and then the integral is found

by contour integration as was done in Appendix D. Using this method,

PM is:

a2 b2  2 K2 W3
% a dm (G-13)

-12g
3  '4 i =)

PHILCO W,KN, EoTE o. L.oRANoHM
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The output SNR of a feedback discriminator is found by dividing equation

(G-9), which is output signal pover for sinusoidal modulation, by I
equation (G-13). The result is:

12xr3 (f) 2 &04
[2 + ) (G-14)

Equation (G-14) is simplified if the assumption that Wn > W is I
made, and this assumption is generally valid since N is constrained

so that,

N < F 1 (See equation (G-7) of Appendix F.)

With WD W , equation (G-14) becomes:n m 2

But 0)2 s 8,K3 f3 , so equation (G-15) reduces to:

0 2 P (G-16)

In Appendix G, three main aspects of SNR properties have been considered.

Firstly, Figure G-1 is a plot of required open loop bandwidth for values -

of P between zero and 20. Equation ( G-2) expresses output SNR of
a standard discriminator; Equation (G-16) the output SNR of a feedback
discriminator with post-detection filtering. "1

I
I

3-6
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APPENDIX H

ii EXPERI1ENTAL RESULTS

fl H. 1 GENERAL
The objectives of the experimental work were to verify that a

feedback discriminator does indeed have a frequency compression prop-

erty and that it has a lower threshold than a conventional discrimin-

ator. In addition, the damping factor, p, and undamped natural

angular frequency, W were measured and compared with calculated

theoretical parameter ialues.II
A spectrum analyzer verified that a feedback discriminator does

compress its input frequency spectrum.

Enloe's and Chaffee's closed loop threshold criteria were used;

i.e., threshold occurs when one hears a "pop" approximately every

second through earphones attached to the loop output. Thus, a closed

loop threshold SNR of approximately 6 db in Bnl , closed loop noise

bandwidth, was measured. A standard discriminator would have had,

approximately, a 10 db threshold (Bnl P BNRF in this experiment).

The damped factor's measured value was 0.37, in close agreement with

the calculated value of 0.376. The undamped natural frequency, W /2 An

measured 23 kc, compared with a calculated value of 20 kc. Relative

closed loop output as a function of angular frequency is plotted on

Fig. H-1.

I.

:-1-.
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